Abstract. The overarching goal of this paper is to link the notion of sets of finite perimeter (a concept associated with N 1,1 -spaces) and the theory of heat semigroups (a concept related to N 1,2 -spaces) in the setting of metric measure spaces whose measure is doubling and supports a 1-Poincaré inequality. We prove a characterization of sets of finite perimeter in terms of a short time behavior of the heat semigroup in such metric spaces. We also give a new characterization of BV functions in terms of a near-diagonal energy in this general setting.
Introduction
In this paper we study functions of bounded variation and, in particular, sets of finite perimeter on general metric measure spaces. More precisely, we investigate a relation between the perimeter of a set and the short-time behavior of the action of a heat semigroup on the characteristic function of such a set. First, we provide a new characterization of BV functions in terms of asymptotic behavior of a near-diagonal energy or, in other words, the near-diagonal part of the Korevaar-Schoen type energy [KS] . Second, we shall give a Ledoux-type characterization of sets of finite perimeter in terms of the heat semigroup [L] .
The characterizations obtained in this paper connect the theory of functions of bounded variation and sets of finite perimeter to the theory of the heat semigroup and heat flow in metric spaces, thus connecting the nonlinear potential theory associated with the index p = 1 to the linear potential theory associated with the index p = 2. In the Euclidean setting such a connection is well-established, see for example [DeG] and [L] . In the setting of Riemannian manifolds with lower bounded Ricci curvature, see [CM] , [MP] , and [MP2] . In the more general metric setting there is precedence; indeed, it was shown in [JK] that when the measure on a metric measure space X is doubling, supports a 2-Poincaré inequality, and satisfies a curvature condition, a global isoperimetric inequality holds in X. In this note we are more interested in characterizing sets of finite perimeter in terms of the asymptotic behavior of the heat extension of the characteristic function of the sets, and to do so we need the stronger assumption of 1-Poincaré inequality. It is not known whether the curvature condition assumed in [JK] , together with the doubling property of the measure and the support of a 2-Poincaré inequality, implies the support of a 1-Poincaré inequality.
1.1. Ledoux-type characterization. It was observed by Ledoux in [L] that the classical isoperimetric inequality in R n , and also in more general Gauss spaces, can be characterized by the fact that the L 2 -norm of the heat semigroup acting on the characteristic function of sets is increasing under isoperimetric rearrangement. More precisely, condition that a set B is isoperimetric, that is a minimizer of the perimeter measure among all sets E with the same measure as B, is equivalent to the following L 2 -inequality
for all t ≥ 0 and sets E ⊂ R n with the same volume as the Euclidean ball B.
Here χ E denotes the characteristic function of the set E, and T t stands for the heat semigroup defined on L 2 (R n ) by convolution with the classical Gauss-Weierstrass kernel so that T t f solves the Cauchy problem
with f ∈ L 2 (R n ). In particular, it was shown in [L] (the reader is recommended to also see the paper [P] by Preunkert) that (1.1) lim
whenever B is a Euclidean ball and P (B) the perimeter of B in R n . Moreover, the inequality π t R n \E T t χ E (x) dx ≤ P (E) holds for every t ≥ 0 and for all subsets E of R n with finite measure. The authors in [MP2] pursued the investigation of the relation between the perimeter of a set and the short-time behavior of the heat semigroup as described in (1.1). They observed, by considering the measure-theoretic properties of the reduced boundary of a set, that equality (1.1) is actually valid for all sets of finite perimeter. In addition, the finiteness of the limit on the left hand side in (1.1) is enough to characterize sets of finite perimeter in R n . Similar chracterizations have also been obtained in [B] , [D] , and [P-P] , where more general convolution kernels than the classical Gauss-Weierstrass kernel were considered. On the other hand, the approach taken in [MP2] has more geometric flavor.
In the present paper, we study characterizations of sets of finite perimeter and hence, by the co-area formula, all functions in the BV-class, in terms of the heat semigroup. The recent results in [JK] demonstrate that under some curvature assumptions on the metric measure space, if the space is also doubling in measure and supports a 2-Poincaré inequality, a (global) isoperimetric inequality follows. Adding this to the discussion above, it is reasonable to ask whether the notion of a set of finite perimeter in a metric measure space (first defined in [Mr] ), using L 1 -approximations by Lipschitz functions, is connected to the behavior of heat extension of the characteristic function of the set. In this paper we show that a Ledoux-type characterization of sets of finite perimeter in terms of the heat extension of the characteristic function of such sets is possible if the measure on the space is doubling and supports a 1-Poincaré inequality.
1.2. De Giorgi-type characterization. In the Euclidean setting the original definition of sets of finite perimeter in terms of heat extension, is due to De Giorgi [DeG] . In Section 5 we consider a characterization of total variation and BV functions. Such a characterization is related to the definition of sets of finite perimeter considered by De Giorgi [DeG] making use of a regularization procedure based on the heat kernel. Indeed, for a function u ∈ L 1 (R n ) the limit
exists and is finite if, and only if, the distributional gradient of u is an R n -valued measure Du with finite total variation |Du|(R n ). Moreover, the limit in (1.2) equals |Du|(R n ). This result has been generalized to the setting of Riemannian manifolds in [CM] , with the restriction that the Ricci curvature of a manifold is bounded from below. We refer also to the result in [MP] , where further bounds on the geometry of the manifold were assumed. We refer also to a recent paper [GP] where a more general condition on the Ricci curvature has been considered, that is the Ricci tensor can be splitted into a sum of two terms, one which is bounded from below and the second one belonging to a suitable Kato class. We mention, in passing, that in the setting of Carnot groups the authors of [BMP] showed that the aforementioned result is valid in a weaker sense, namely that both the limit inferior and superior are comparable to the total variation of u, but it is not known whether equality holds.
In Section 5, we shall give a generalization of the preceding result to metric measure spaces as discussed above by imposing an additional assumption on the Dirichlet form E associated with X and defined in terms of the Cheeger differentiable structure. We shall assume that the Dirichlet form satisfies the Bakry-Émery condition BE(K, ∞) (see Definition 5.1), for some K ∈ R. Providing the analogous self-improvement property of the BE(K, ∞) condition as obtained by Savaré in a recent paper [S] , we obtain in Proposition 5.2 a metric space version of the De Giorgi characterization of the total variation of a BV function. We point out here, however, that the condition BE(K, ∞) is not satisfied by some Carnot groups, for example Heisenberg groups, and so our discussion does not overlap with that of [BMP] .
1.3. Organization of the paper. We have organized our paper as follows. In Section 2 we recall the tools needed for our analysis in metric measure spaces as well as the basic properties of the heat semigroup and BV functions in this setting. Our main results are then stated in Theorem 3.1 and Theorem 4.1 in Section 3 and Section 4, respectively. In Section 5 we consider a characterization of total variation and BV functions. In the appendix, see Section 6, we gather together properties of the Bakry-Émery condition needed in Section 5.
Basic concepts
In this section we recall the basic concepts that allow for nonsmooth analysis on metric measure spaces.
2.1. Standing assumptions. Throughout the paper we will assume that (X, d, µ) is a complete metric measure space equipped with a Borel regular doubling measure µ supporting a 1-Poincaré inequality.
Recall that a Borel-regular measure µ is doubling if there exists a constant c ≥ 1 such that for every ball B r (x) := B(x, r) = {y ∈ X : d(x, y) < r}, x ∈ X and r > 0,
we shall denote by c D the minimal constant verifying the previous condition. Moreover, (X, d, µ) supports a 1-Poincaré inequality if there exist constants c > 0 and λ ≥ 1 such that for any u ∈ Lip(X) (real-valued Lipschitz continuous function on X), the inequality
holds, where lip(u) is the local Lipschitz constant of u defined as lip(u)(y) := lim inf
we shall denote by c P the minimal constant verifying the Poincaré inequality. We write the integral average of a function u over a ball B r (x) as u Br(x) . Let us mention in passing that, by the doubling property, for every B R (x) ⊂ X and y ∈ B R (x) and for 0 < r ≤ R < ∞ the inequality
holds, where C is a positive constant depending only on c D and q µ = log 2 c D . In what follows, q µ denotes a counterpart of dimension related to the measure µ on X. In what follows, and unless otherwise stated, C denotes a positive constant whose exact value is not important and it may change even within a line. A concentric α-dilate, α > 1, of a ball B = B(x.r) is written as αB.
Differentiable structure. An upper gradient for an extended real-valued function
This notion is due to [HK] . We say that g is a p-weak upper gradient of u if (2.2) holds for p-almost every curve, see [KM] . If u has an upper gradient in L p (X), then there exists a unique minimal
Under our standing assumptions on X, we have also the Cheeger differentiable structure available (see [C] ) that allow us to define a linear gradient operator for Lipschitz functions. There exists a countable measurable partition U α of X, and Lipschitz coordinate charts X α = (X α 1 , . . . , X α kα ) : X → R kα such that µ(U α ) > 0 for each α, and µ(X \ α U α ) = 0. Moreover, for all α the charts (X α 1 , . . . , X α kα ) are linearly independent on U α and 1 ≤ k α ≤ N, where N is a constant depending on c D , c P , and λ, and in addition for any Lipschitz function u : X → R there is an associated unique (up to a set of zero µ-measure) measurable function D α u : U α → R kα for which the following Taylor-type approximation
holds for µ-a.e. x 0 ∈ U α . In particular, for x ∈ U α there exists a norm · x on R kα equivalent to the Euclidean norm | · |, such that g u (x) = D α u(x) x for almost every x ∈ U α . Moreover, it is possible to show that there exists a constant c > 1 such that c −1 g u (x) ≤ |Du(x)| ≤ cg u (x) for all Lipschitz functions u and µ-a.e. x ∈ X. By Du(x) we mean D α u(x) whenever x ∈ U α . Indeed, one can choose the cover such that U α ∩ U β is empty whenever α = β.
For the definition of the Sobolev spaces N 1,p (X) we will follow [Sh] . Since we assume X to satisfy a 1-Poincaré inequality, the Sobolev space N 1,p (X), 1 ≤ p < ∞, can also be defined as the closure of the collection of Lipschitz functions on X in the N 1,p -norm
. The space N 1,p (X) equipped with the N 1,pnorm is a Banach space and a lattice [Sh] . By [FHK] , the Cheeger differentiable structure extends to all functions in N 1,p (X).
2.3. Semigroup associated with E. In the metric space setting, there is a standard way to construct a semigroup by using the Dirichlet forms approach. The best way to construct it is to use the L 2 -theory of (bilinear) Dirichlet forms and then apply a classical result asserting that such semigroup can be extrapolated to any L p , 1 ≤ p ≤ ∞. We start with the Dirichlet form E :
. This bilinear form is an example of a regular and strongly local Dirichlet form as defined in [FOT] . The associated infinitesimal generator A acts on a dense subspace D(A) of N 1,2 (X) so that for each u ∈ D(A) and for every v ∈ N 1,2 (X),
The operator A is dissipative in the sense that
and is merely the Laplacian ∆ when X = R n , the Cheeger differentiable structure is the standard Euclidean structure, and µ is the Lebesgue measure.
We also point out that under our standing assumptions, the metric induced by the form
is bi-Lipschitz equivalent to the original metric d.
Remark 2.1. Associated with the Dirichlet form E and its infinitesimal generator A there is a Markov semigroup (T t ) t>0 acting on L 2 (X) with the following properties (we refer to [FOT] , [KRS] , or [MMS] for properties (1) through (7)):
(
by first considering positive functions f ≥ 0 and sequences f n ∈ L 2 (X), f n ր f and setting
we refer to [FOT, p. 56 ]; (9) since the measure µ is doubling, (T t ) t>0 is stochastically complete :
Theorem 4] (see also [G] for stochastic completeness in the manifold setting);
for every f ∈ L 2 (X) and for every t > 0. For t ≤ 0 we have p(t, x, y) = 0, and p(t, x, y) = p(t, y, x) by the symmetry of the semigroup. The existence of a heat kernel is a direct consequence of the linearity of the operator f → T t f together with the L ∞ -boundedness of such an operator (Markovian property) and the Riesz representation theorem, see for instance Sturm [St2, Proposition 2.3] . Standard regularity arguments on doubling metric measure spaces admitting a 2-Poincaré inequality imply that the map x → p(t, x, y) is Hölder continuous for any (t, y) ∈ (0, ∞) × X.
Under our standing assumptions on X, we have the following estimates for a heat kernel uniformly for all x, y ∈ X and all t > 0, we refer to [St3, Corollary 4.10] . There are positive constants C, C 1 , C 2 such that
2.4. BV functions and sets of finite perimeter. Following [Mr] , we say that a function u ∈ L 1 (X) is of bounded variation (u ∈ BV(X)) if
is finite, where g u j is the minimal 1-weak upper gradient of u j . Moreover, a Borel set E ⊂ X is said to have finite perimeter if χ E ∈ BV(X). We denote the perimeter measure of E by P (E) = Dχ E (X). By replacing X with an open set F we may define Du (F ) and we shall write the perimeter measure of E with respect to F as
Strictly speaking, the definition given in [Mr] considers lip(u j ) instead of g u j . However, under our standing assumptions of doubling property and 1-Poincaré inequality, lip(u j ) = g u j µ-a.e. in X (see [C] ).
An equivalent definition can be also given by way of the Cheeger differentiable structure by replacing a 1-weak upper gradient of u j with its Cheeger derivative. We shall say that u has bounded total Cheeger variation if D c u (X) < ∞. A set with Cheeger finite perimeter is a µ-measurable set E such that D c χ E (X) < ∞. By the results contained in [C] , it follows that these two definitions are equivalent, in the sense that
It follows from a 1-Poincaré inequality that for each u ∈ BV(X)
The factor of 2 in the ball on the right-hand side follows from the fact that weak limits of measures might charge the boundary of λB r (x). In particular, if E is a set of finite perimeter and u = χ E we recover the following form of the relative isoperimetric inequality
Lastly, we recall that for any u ∈ BV(X) and Borel set E ⊂ X the co-area formula (2.6)
holds, and for the proof, we refer to [Mr, Proposition 4.2] .
A characterization of BV functions
In the setting of metric measure spaces satisfying the standing assumptions listed in Section 2, we now give a new characterization of BV functions in terms of the neardiagonal parts of the Korevaar-Schoen type energy [KS] . The product measure µ ⊗ µ in the space X × X shall be written as µ(x, y).
We point out here that in the more general setting of topological spaces X, with X × X equipped with a nonnegative symmetric Radon measure Γ locally finite outside the diagonal, Maz'ya proved in [M] a conductor inequality for compactly supported continuous functions f on X for which
It was shown in [M, Theorem 2, Section 4] that, when 1 ≤ p ≤ q < ∞ and a > 1, the following co-area-type integral can be majorized by the energy f p,Γ (3.1)
where M t = {x ∈ X : |f (x)| > t} and the capacity is obtained via minimization of ϕ p p,Γ over all admissible functions ϕ. With p = q = 1, in general the constant C in (3.1) depends on a, and blows up in the order of (a − 1) −1 as a → 1, see [M] . If we now take Γ a to be defined by −1 (y) )
,
we obtain a near-diagonal energy
with the constant C in (3.1) now independent of a. Here ∆ ε , ε > 0, denotes the ε-neighborhood of the diagonal in X × X, i.e.
We point out here that when p = q = 1, the above Maz'ya-type inequality, (3.1), in this setting, is equivalent to the the following generalization of the co-area inequality (with
associated with the near-diagonal Korevaar-Schoen energy. In this section we will show that in our more specialized setting of metric measure spaces, the family (with respect to ε > 0) of above energies f 1,Γ 1+ε corresponding to a given function f has a finite limit infimum as ε → 0 if and only if f is in the BV class. The proof will also show that for small ε > 0 the above energy is controlled by a constant multiple of the BV-energy of f . This also provides a connection between the energy studied by Maz'ya [M] in our, more specialized, setting and the BV-energy.
Let us now formulate the first main theorem of this section.
Theorem 3.1. Suppose that u ∈ L 1 (X). Then u ∈ BV(X) if, and only if,
Proof. Let us assume first that u ∈ BV(X) and fix ε > 0. Then we can find a sequence of points in X, {x i } i∈N , such that
and such that the covering has bounded overlap
Since for x ∈ B ε (x i ) and y ∈ B ε (x) we have that B ε (x i ) ⊂ B 2ε (x) and B ε (x i ) ⊂ B 4ε (y), we get, by the doubling property of µ,
We obtain
we get, by a 1-Poincaré inequality,
We treat the term I 2 in a similar fashion
where we have used a 1-Poincaré inequality and the fact that
This completes the proof of the claim that if u ∈ BV(X) then the limit infimum is finite (in fact, we have obtained that the lim sup is finite).
For the converse statement, we assume that lim inf
For every ε > 0, let us define a positive and finite measure on X as
where for each x ∈ X we set
Let {B ε i = B ε (x i )} be a family of balls on X with bounded overlapping
and (ϕ ε i ) i be a partition of unity of X with respect to this family of balls. We refer to [HKT] for the properties of these functions ϕ ε i . We define
for every x ∈ X. The function u ε is Lipschitz continuous, since it is locally a finite sum of Lipschitz functions, and the sequence (u ε ) ε converges to u in L 1 (X) as ε → 0 ( [HKT, Lemma 5.3 
.(2)]).
We need an estimate on the Lipschitz constant of u ε . Suppose that x, y ∈ B 
For every j ∈ J we also have that
where in the last inequality we have used the fact that B ε j ⊂ B 6ε (x) whenever x ∈ B ε i . In other words, we have proved that
for every x ∈ B ε i . We therefore obtain
. Now, by the assumption and the doubling property of the measure µ, we have lim inf
Hence we can find a sequence {ε j } j going to 0 such that
and then the sequence of Lipschitz functions u j = u ε j /6 converges to u in L 1 (X) and
which implies that u ∈ BV(X).
Sets of finite perimeter: Ledoux characterization
We shall make use of Theorem 3.1 to connect the sets of finite perimeter to the theory of heat semigroup in the sense of Ledoux [L] . The reader should also consult [P] .
Theorem 4.1. Let E ⊂ X be µ-measurable and assume that E has finite measure. Then E is of finite perimeter, i.e. χ E ∈ BV(X) if, and only if,
Proof. Note first that
Hence by the fact that
Suppose now that lim inf
and we want to show that the set E has finite perimeter. By the symmetry of the heat kernel
By estimate (2.3) for the kernel p(t, x, y),
and so we have lim inf
By Theorem 3.1, we conclude that χ E ∈ BV(X). For the converse, suppose first that E ⊂ X is open with µ(E) finite, µ(∂E) = 0, and that χ E ∈ BV(X). For each t > 0 and each nonnegative integer k let us define the sets
and for each k ≥ 0 and x ∈ E t k we write the set X \ E as
Let us estimate the preceding terms separately, starting with the term I 1 k . Note that when x ∈ E t k , if there is a point y ∈ X \ E, then we must have d(x, y) ≥ 2 k−1 √ t. Therefore, by the doubling condition and (2.1),
We can cover each set E 
By (2.5), we now have
The second term II 2 k is treated as follows. For every k ≥ 0 and j ≥ 1, j ∈ N, we set
Hence, we have, with an analogous cover
is convergent, with the value dominated by the first term in the series, that is,
Observe that c D ≥ 1. Hence by (2.5) again,
Putting the preceding estimates together we obtain the desired estimate
Now let E be a general set of finite perimeter. There is a sequence (f k ) k of Lipschitz functions in Lip c (X) with 0 ≤ f k ≤ 1 such that f k → χ E in L 1 (X) and lim k→∞ |Df k |(X) = P (E). Given such an approximating sequence, for each k we can choose, with the aid of the co-area formula (2.6), a superlevel set of f k written as
(1) µ(∂E k ) = 0, and (2) µ(E k ∆E) → 0 as k → ∞. Here the symmetric difference between the sets E k and E is written as
By (2.6), we have in particular by a suitable choice of t k that
Now from the above arguments we see that
Thus, also the converse statement follows and the proof is complete.
Total variation: De Giorgi characterization under Bakry-Émery condition
We close this paper by proving a metric space version of the De Giorgi characterization [DeG] of the total variation of a BV function. Our approach is based on recent works by Amborsio, Gigli, and Savaré [AGS] and is essentially a consequence of [S] .
We refer to [CM, MP, GP, BMP] for the De Giorgi characterization on Riemannian manifolds and on Carnot groups, and to [AMP] for the same result but with the semigroup of a rather general second order elliptic operator on domains in Euclidean spaces. All of these results require a condition on the curvature of the spaces; these conditions are related to the Ricci curvature in the case of Riemannian manifolds. In [MP] the requirement was on a lower bound of Ricci curvature plus a technical requirement on a lower bound on the volume of balls. It was pointed out in [CM] that, thanks to the works of Bakry andÉmery (see for instance [BE] ), the same result can be obtained only with a lower bound condition on the Ricci curvature. In [GP] it has been shown that one can also require that the Ricci tensor can be split into two parts, one bounded below and one belonging to a Kato class. Also in this case the De Giorgi characterization of the total variation holds true.
We recall the definition of BE(K, ∞) condition as formulated in [BE, Ba] .
Definition 5.1 (Bakry-Émery condition). The Dirichlet form E is said to satisfy the
In the appendix, we recall some consequences of the Bakry-Émery condition. These consequences are needed in the proof of the main result of this section, Proposition 5.2, and have been investigated for instance in [S] . The setting in [S] is rather general, and hence for the convenience of the reader we provide sketches of simplified proofs of these results in the appendix.
The main result of this section is the following.
then u ∈ BV(X). Moreover, whenever (5.2) holds and if the Dirichlet form E satisfies the BE(K, ∞) condition, we have
By the self-improvement property of the Bakry-Émery condition BE(K, ∞), we can easily prove Proposition 5.2. Of course, it would be interesting to obtain a similar result, or even the weaker version as in [BMP] , without imposing the Bakry-Émery condition on E.
Proof of Proposition 5.2. The claim that (5.2) implies that u ∈ BV(X) follows immediately from the definition of BV(X) upon noticing that as u ∈ L 1 (X) we must have T t u → u in L 1 (X) as t → 0 (see Remark 2.1(10)) and T t u ∈ N 1,1 (X). Furthermore, it is also immediate that
Let u ∈ BV(X). We consider a sequence of Lipschitz functions (
By the lower semicontinuity of the total variation together with Proposition 6.3 and the fact that (T t ) t>0 is a contraction semigroup on L 1 (X) (see Remark 2.1(10)), we conclude and hence the proof is complete.
In conclusion, we note that by the analog of both the De Giorgi characterization and the Ledoux characterization of functions of bounded variation demonstrated in this paper, even in the general metric measure space setting (with the measure doubling and supporting a 1-Poincaré inequality), the behavior of sets of finite perimeter is intimately connected to the heat semigroup.
Appendix
In this appendix we gather together properties associated with the Bakry-Émery condition in Section 5. In the metric setting a related condition, guaranteed by the logarithmic Sobolev inequality, was first studied in [KRS] . The results in this appendix are from [S] adapted to our purposes.
In the sequel, the following Pazy convolution operator will play an important role:
T s f ̺(s/ε) ds.
for any positive ϕ ∈ D(A). Then, by setting u = |Df | 2 and u ε = β ε u, taking into account the fact that for any ϕ ∈ D(A), since A commutes with the Pazy convolution β ǫ , there holds follows by the positivity of λ.
The proof of (3) is rather technical and does not simplify in our setting, so we refer to [S, Theorem 3.4 ].
The Bakry-Émery condition in Definition 5.1 has equivalent formulations, we refer to [W] for the Riemannian case and to [AGS, S] for the metric space setting. We recall here some of those equivalent formulations that we shall use.
Proposition 6.2. The following are equivalent:
(1) E satisfies the BE(K, ∞) condition; (2) for any f ∈ N 1,2 (X), any t > 0, and for every nonnegative ϕ ∈ Lip c (X) (6.1)
X ϕT t |Df | 2 dµ;
(3) for any f ∈ L 2 (X), any t > 0, and for every nonnegative ϕ ∈ Lip c (X) (6.2) e 2Kt − 1 K
Let us now assume (3) and let us take f ∈ D(A) such that Af ∈ N 1,2 (X) and ϕ ∈ D(A) ∩ L ∞ (X) with Aϕ ∈ L ∞ . We can define the function
The second order Taylor expansion formula implies
Proposition 6.3. Suppose that the Dirichlet form E satisfies the BE(K, ∞) condition for some K ∈ R. Then for any f ∈ N 1,2 (X), any t > 0, and every nonnegative ϕ ∈ Lip c (X), we have
Proof. We start by considering f ∈ D ∞ ; we point out that by (6.2), D ∞ is dense in N 1,2 (X). Indeed, Lip b (X) is dense in N 1,2 (X) and taking approximations of functions f ∈ N 1,2 (X) ∩ Lip b (X) in terms of the semigroup, we get that T t f ∈ D ∞ for any t > 0 by (6.2) and AT t f = T t/2 AT t/2 f ∈ D(A) ⊂ N 1,2 (X).
Here we also used the fact that by the Bakry-Émery condition (6.2), if f ∈ Lip b (X) then T t f ∈ Lip b (X). Let us fix δ > 0 and set (6.3) u δ t (x) := |DT t f (x)| 2 + δ 2 − δ.
We also fix a nonnegative function ϕ ∈ N
